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a b s t r a c t
We present an implementation of the Deutsch Algorithm using linear optical elements and laser light.
We encoded two quantum bits in form of superpositions of electromagnetic ﬁelds in two degrees
of freedom of the beam: its polarisation and orbital angular momentum. Our approach, based on a
Sagnac interferometer, offers outstanding stability and demonstrates that optical quantum computation
is possible using classical states of light.
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1. Introduction
Quantum computation processes information encoded in quantum systems and promises unprecedented computational power by
exploiting features of quantum mechanics. Since its invention three
decades ago [1,2], the fascinating concept has been developed into
a vibrant research ﬁeld linking physics and computer science with
mathematics. A variety of quantum algorithms [3] and experimental implementation techniques [4] have been explored. However,
due to the diﬃculty of the task to coherently control and individually address a multitude of quantum systems necessary in order to
improve on the speed of the best classical computers, the science
community is still waiting for the ﬁrst numerical result calculated
by a quantum computer that is unattainable by the current conventional computer technology.
In theory it was proven already, that certain computational
problems based on the use of oracles can be solved eﬃciently by
means of quantum algorithms but not using classical ones [5]. Results in connection with period ﬁnding and the Hidden Subgroup
Problem [6], for example Shor’s algorithm to factorize numbers
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[7,8], indicate that there are also non-oracular algorithms that can
only be solved eﬃciently on a quantum computer.
What makes quantum computation more eﬃcient than classical
computation? Representing inputs in terms of basis states of quantum systems allows to process in parallel many inputs in form of
superpositions of the basis states. However, the resulting superposition of transformed basis states representing the processed inputs
would be destroyed when measured directly. Therefore, the readout of the processed information requires careful exploitation of
interference effects. Moreover, entanglement is an important ingredient of quantum computation for pure states [9] but its presence
is not necessary when computing with mixed states [10] as can already be seen from the ﬁrst proof-of-principle implementation of
the Shor Algorithm using nuclear magnetic resonance and pseudopure states without entanglement [11].
Also in classical optics the ingredients of quantum computing,
as described above, i.e., superpositions, interference and indeed
a form of entanglement exist. The similarities between paraxial optics and non-relativistic quantum mechanics [12] can be
used to describe optics in terms of the Dirac formalism [13] and
solve problems from Fourier optics elegantly using operator algebra methods from quantum mechanics [14–16]. A form of entanglement is present in classical vector beams [17–21], where
the polarisation cannot be separated from the spatial dependence
of the electric ﬁeld [22]. This “classical” entanglement has been
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used to determine the class of physically realizable Mueller matrices [23], to distinguish vector beams from scalar beams [22], and
it assisted in designing schemes to realize quantum walks with
classical (laser) light [24]. The recent discovery of classical entanglement has completed the list of optical ingredients which enable
quantum computation.
Therefore, it is interesting to study to which extent quantum
computation can be realized by means of classical optics. Here,
as a ﬁrst step, we apply the similarities between classical optics
and quantum mechanics to demonstrate an experimental implementation of a simple quantum algorithm, the Deutsch Algorithm,
with classical light. The experiment serves as a proof of principle
that an oracle-based quantum algorithm can be implemented with
classical light analogously to quantum systems and with the same
speed-up compared to classical algorithms.
The Deutsch Algorithm can be implemented by means of different quantum systems, including cavity QED [25–27], atomic ensembles [28], quantum dots [29,30] and nuclear spins [31]. Moreover, there are several purely optical schemes which employ the
polarisation and spatial modes as input and output registers for the
Deutsch Algorithm. For instance, Oliveira et al. [32] used Hermite–
Gaussian modes in a Mach–Zehnder interferometer to perform the
algorithm, however the natural instability of the setup required additional equipment to avoid noisy results. Another approach [33] is
based on a Sagnac conﬁguration with paths qubits at the singlephoton level to execute the computation. More recently, Zhang
et al. suggested an implementation with a control gate conditioning the Orbital Angular Momentum (OAM) of a single photon on its
polarisation state by means of a q-plate [34]. While some of these
attempts already employ classical states of light (from a bright [32]
and a weak laser source [33]) the authors argue that the computation is carried out by single photons many times in parallel [32] or
individually [33]. Here we demonstrate using Laguerre–Gaussian
(LG) beams in a stable Sagnac interferometer that classical light
can be used directly to perform certain quantum computations
without the need to prepare cumbersomely quantum states of
light.

Fig. 1. Quantum circuit for the Deutsch Algorithm. Here H stands for the Hadamard
transformation and U f represents the oracle. The measurement is carried out in the
ﬁrst register.

In order to determine the function via a quantum oracle the implementation of a unitary transformation U f is mandatory, and its
computation is done according to the rules of modular arithmetic
Uf

|x, y  −−→ |x, y ⊕ f (x) ,

(3)

where ⊕ represents addition modulo 2 and the state vector
|x, y  ≡ |x ⊗ | y  is the tensor product of the state of the ﬁrst
register, |x, with the state of the second register, | y . We observe that the state of the second register is dependent on the
ﬁrst register, in that sense U f is said to be a controlled operation.
Furthermore, the Deutsch Algorithm employs a Hadamard gate before and after the call of the quantum oracle U f . In particular, the
Hadamard gate acts on the computational basis |0, |1 as follows:
|0 −H→ √1 (|0 + |1), and |1 −H→ √1 (|0 − |1).
2

2

The sequence of gates in the algorithm is described by the
quantum circuit shown in Fig. 1. The required input state reads



1
|in  = |0 √ (|0 − |1) .

(4)

2

After the quantum circuit we obtain the state [2,38] (see Appendix A)

|out  =




(−1) f (0) + (−1) f (1) |0 +

 
1
(−1) f (0) − (−1) f (1) |1 × √ (|0 − |1) .



2

2. Concept and theory
There is a vast literature on quantum computation and quantum information treating in great detail the Deutsch problem [4,
35–37]. For instance, Audretsch [35] gives a good introduction.
Even so, we will brieﬂy outline the problem and its solution. Assume that a function

f : { 0, 1 } → {0, 1 }

(1)

can be accessed only via an oracle, i.e., a black box that computes
the functional values f (x) given the arguments x. The problem is
to determine a global property of the function: whether it is constant ( f (x) = const) or balanced ( f assumes the values 0 and 1). In
order to classically solve this problem, we need to query the black
box at least twice. In the quantum realm, the Deutsch Algorithm
allows us to determine this property in a single measurement.
f can be one of the following functions

f 1 (0) = 0,

f 1 (1) = 0,

f 2 (0) = 1,

f 2 (1) = 1,

f 3 (0) = 0,

f 3 (1) = 1,

f 4 (0) = 1,

f 4 (1) = 0,

From this state we can observe that if f (0) = f (1) there is constructive interference on |0, and destructive interference on the
|1 component for the ﬁrst register. The opposite is true for f (0) =
f (1). Finally, a measurement of the computational basis in the ﬁrst
register reveals the answer; if we obtain a result corresponding to
|0 the function is constant, otherwise, if we detect |1, the function is balanced.
To implement the algorithm we need to encode qubits in two
registers. For the ﬁrst register we choose the linear polarisations,
horizontal and vertical, as computational basis. In the second register we use the OAM degree of freedom of LG beams to represent
the computational basis states. LG beams belong to the class of
helical doughnut modes (see Fig. 2) with a phase dependence of
exp(ilθ), where θ is the azimuthal angle, l is known as the topological charge and carries an OAM of lh̄ per photon [39–41]. The
sign of l indicates the handedness of the helical (or screw-like)
wavefront of the beam. A LG mode (of zero radial order) at the
plane z = 0 may be written as [42]

r , θ |l ≡ ϕl (r , θ) = (r / w 0 )|l| exp(−r 2 / w 20 ) exp(ilθ),

(2)

where f 1 and f 2 are constant, while f 3 and f 4 are balanced functions.

(5)

(6)

where r is the radial coordinate and w 0 is the beam waist. Note
that helical modes with different angular indices l, l are orthogonal:

¨
l |l =
R2

ϕl∗ (r , θ)ϕl (r , θ) r dr dθ = δl l ,

(7)
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Table 1
Summary of the action of quantum gates.
Input state

Identity

Not

CNOT

Z-CNOT

| H , +l
| H , −l
| V , +l
| V , −l

| H , +l
| H , −l
| V , +l
| V , −l

| H , −l
| H , +l
| V , −l
| V , +l

| H , +l
| H , −l
| V , −l
| V , +l

| H , −l
| H , +l
| V , +l
| V , −l

If the input state in Eq. (9) is passed by the quantum circuit
shown in Fig. 1, the state just before the last Hadamard gate will
be the following for each case:

Fig. 2. The ﬁrst row shows a comparison between the transversal intensity distribution of (b) the theoretical and (c) the experimental LG beam (l = 1). The second
row shows a comparison between the intensity distribution of (e) the theoretical
and (f) the experimental superposition of LG beams as given by Eq. (9) for l = 1.
(a) and (d) display the holograms used for each case.

where δl l is the Kronecker delta symbol. In our scheme, the basis
states are represented as (see Appendix B)

| H , +l = |0, 0 ,

| V , +l = |1, 0 ,

| H , −l = |0, 1 ,

| V , −l = |1, 1 ,

(8)

where H and V denote horizontally and vertically polarized light
respectively, and ±l stands for the handedness of the LG beam. In
this scheme, the input superposition state for the Deutsch Algorithm (Eq. (4)) takes the form

|in  = | H  (|+l − |−l) ,

(9)

where the second register corresponds to a superposition of helical
modes.
To implement the Deutsch Algorithm, we need to emulate the
action of the unitary transformation U f of the oracle for each of
the functions in Eqs. (2). This is done for each function by physically realizing the corresponding map given in Eq. (3). Thus the
map U f corresponds to one of the following quantum gates
Uf

f 1 (x) = 0,

|x, y  −−→ |x, y  ,

f 2 (x) = 1,

|x, y  −−→ |x, y ⊕ 1 ,

f 3 (x) = x,

|x, y  −−→ |x, y ⊕ x ,

f 4 (x) = x ⊕ 1,

|x, y  −−→ |x, y ⊕ x ⊕ 1 .

Uf
Uf
Uf

(10)

Particularly, they are given by the Identity (I), Not (NOT), Controlled-Not (CNOT) and Zero Controlled-Not (Z-CNOT) gates, respectively. The action of each quantum gate is summarized in Table 1.
Now, the task is to realize an optical implementation of these
operations. The Hadamard gate is achieved by passing the input
light through a half-wave plate, while the quantum gates are generated in a Sagnac interferometer by placing a dove prism, at path
dependent positions. To see why this works, recall that the operation of the quantum gates are polarisation dependent; but this can
be made path dependent by directing each polarisation component
in its own path. Dove prisms invert the sign of the OAM [43], so
by adjusting the dove prism into or out of these paths as per the
requirements of the gates, the quantum circuit is realized.

1

Identity:

√ (| H  + | V ) (|+l − |−l) ,

NOT:

− √ (| H  + | V ) (|+l − |−l) ,

2
1

2

1

CNOT:

√ (| H  − | V ) (|+l − |−l) ,

Z-CNOT:

− √ (| H  − | V ) (|+l − |−l) .

2
1

2

(11)

We observe that the resulting polarisation states in the ﬁrst register are diagonal or anti-diagonal, which can be distinguished by
polarimetry. For this reason, we decided to omit the last Hadamard
gate. If the output beam is detected to be diagonally polarized then
the function is constant, otherwise, if the output is anti-diagonally
polarized, the function is balanced.
3. Experiment and results
Fig. 3 shows our experimental setup to implement the Deutsch
Algorithm. In order to generate the superposition, we directed a
linearly polarized HeNe laser source (λ = 632.8 nm) onto a phaseonly spatial light modulator (HoloEye PLUTO VIS SLM with 1920 ×
1080 pixels of pitch 8 μm and calibrated for a 2π phase shift at
λ = 632.8 nm). After the SLM, the beam propagated through a
half-wave plate (HWP) that set the polarisation of the ﬁeld at 45
degrees. It then entered a Sagnac interferometer through a polarizing beam splitter (PBS), which divides the beam in two orthogonal copies. The horizontal component transmitted through the
PBS moved in an anti-clockwise direction inside the interferometer, while the vertical component reﬂected by the PBS travelled
in a clockwise sense. Both beams were eventually recombined at
the same beam splitter after travelling on slightly separated trajectories in opposite directions. In order to perform the quantum
gates, we used a dove prism (DP) to ﬂip the OAM handedness of
the selected component. Finally we measured the output of the interferometer with a CCD camera (Spiricon LW130). The reason for
choosing a Sagnac interferometer lies in its stability properties. It
is well known that amplitude division interferometers (e.g. Mach–
Zehnder interferometer) need to isolate the system from the environment in order to achieve good measurements. To overcome this
problem, we used a common-path interferometer in which both
beams travelled the same optical path in opposite directions. As
a result, the interferometer is extremely stable [44] and the relative errors of the measurement results are very small. Furthermore,
our interferometer was built with three mirrors, in this sense a
translation of any optical element separates the beams inside the
interferometer, while maintaining aligned the output. On the other
hand, a rotation in any of them, results in a tilt between both rays
emerging from the interferometer.
To realize the Identity gate we added the DP altering both components. Since there was an odd number of reﬂections inside the
interferometer we placed the DP to match the handedness of the
input mode. The CNOT gate was triggered by moving the DP to
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Fig. 3. Experimental implementation of the CNOT quantum gate. By moving DP we
can achieve other quantum gates. (For interpretation of the references to color in
this ﬁgure, the reader is referred to the web version of this article.)

modify only the horizontal component (red line in Fig. 3), while
the Z-CNOT gate was performed by setting the DP to alter only the
vertical component (blue line in Fig. 3). The NOT gate was generated when the dove prism was removed from the path of both
components.
The measurement procedure involved varying the orientation
angle of a polariser (POL) placed at the output of the interferometer. The transmission axis orientated vertically was taken to be
at 0 degrees. A CCD camera was placed after the polariser and
was used to gather readings of the beam intensity as the polariser
angle was varied. Plotting the intensity as a function of the analyser angle allowed us to determine the polarisation state by using
Malus’ law. These results are shown in Fig. 4. After we measured
the polarisation state of the output beam, a modal decomposition
analysis was performed [45] to ensure the input and output OAM
states matched for each quantum gate (see Fig. 5).
From Figs. 4(a) and 4(d) we observe that the maxima occur
at 45 and 225 degrees, indicating that the output was diagonally
polarized, which means in both cases, that the oracle functions
were constant. On the other hand, if we look at Figs. 4(b) and 4(c)
we notice that the maxima are located at 135 and 315 degrees,
showing that the output was anti-diagonally polarized, which implies balanced functions of the oracle. These observations match
the theoretical predictions.
4. Discussion
We proposed and experimentally veriﬁed a new method to
solve the Deutsch problem using linear optical elements and classical light. The solution follows the Deutsch Algorithm and determines whether a Boolean function is constant or balanced by
calling the oracle only once that computes the function values. This
is half of the calls a classical computation would need.
The implementation is based on a Sagnac interferometer which
guarantees the same path lengths for clockwise and counterclockwise propagating light. The resulting interferometric stability
is essential for quantum computation with coherent classical light
while it would be not so important when using single photon
states, because they do not possess a deﬁnite phase. The implementation scheme uses superpositions of orthogonal polarisations
in the ﬁrst register, while the second register carries superpositions
of spatial modes with different OAM values. The information thus
encoded in each register corresponds to one qubit. The scheme realizes one-qubit and two-qubit gates, i.e., the Hadamard gate on
the ﬁrst register, the identity gate and the NOT gate on the second
register as well as the controlled gates CNOT and Z-CNOT acting
on the qubits in both registers.
In this way, we showed that it is in principle possible to achieve
quantum computation with two qubits in the classical domain of
optics. Moreover, it would be possible to implement in both registers Hadamard and phase gates which together with the CNOT gate

Fig. 4. Results for quantum gates. (a) Identity, (b) CNOT, (c) Z-CNOT and (d) NOT. The
dotted line represents theoretical results, solid line experimental measurements.

form a set of universal quantum gates, and perform any quantum
algorithm for two qubits by means of classical light and linear optics. Please note, that the scheme can in principle be operated as
a genuine quantum computer by replacing the laser source, that
produces a coherent state of light, by a single photon source (cp.
Appendix A), provided the eﬃciency of the detector in the output
port is suﬃciently high. However, the preparation and detection of
a single-photon state of light is more complex and requires more
steps than that of laser light. In this sense the implementation of
the quantum algorithm with classical light is more eﬃcient than
with single photons.
Here we employed two properties of the light to store two
qubits. In total there are four readily accessible properties of
light, i.e., the polarisation, the orbital angular momentum, the radial degree of freedom of the spatial modes and the frequency.
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After the U f transformation, we apply another Hadamard transform in the ﬁrst register to obtain the output state




(−1) f (0) + (−1) f (1) |0 +

 
1
(−1) f (0) − (−1) f (1) |1 × √ (|0 − |1) = |out  .

H ⊗I

|3  −−→

2

(A.4)
Appendix B. Description of the scheme by means of the Jones
Calculus

Fig. 5. Modal decomposition. We performed a modal decomposition analysis for l ∈
[−5, 5] for the input beam and the four quantum gates.

While the polarisation corresponds to a two-dimensional Hilbert
space, which prevents the scalability of our polarisation-based implementation, the remaining three properties belong to inﬁnitedimensional Hilbert spaces. Therefore the latter properties can in
principle be used to encode an unlimited number of qubits. A way
to prepare and process a large number of qubits eﬃciently is proposed by D. Dragoman [46]. To which extent such qubits can be
used to realize other quantum algorithms is the subject of future
work.
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Appendix A. Description of the scheme in the Dirac formalism
In the following we describe the implementation of the Deutsch
Algorithm with classical light in terms of the Dirac formalism used
in quantum mechanics. This description is shown to lead to the
same results as a description in the language of classical optics (cp.
Appendix B). The equivalence can also be justiﬁed based on theoretical grounds [13]. Please note, that the calculations below would
also describe a single photon input of the implementation scheme.
In other words, the proposed scheme can be run with laser light
as well as with a single photon.
The required input state is



1
|in  = |0 √ (|0 − |1) ,

(A.1)

2
|

where 0 and |1 represent the computational basis states. After
applying the Hadamard gate to the ﬁrst register we get

1

H ⊗I

1

|in  −−→ √ (|0 + |1) √ (|0 − |1) = |2  .
2

2

(A.2)

The unitary transformation U f is now applied to the superposition state |2  and yields
Uf

1 

|2  −−→ √

2
1


(−1) f (0) |0 + (−1) f (1) |1 ×

√ (|0 − |1) = |3  .
2

(A.3)

In this appendix we calculate the state outcome of the implementation scheme using the Jones Calculus of classical optics. It
turns out that this formalism yields an elegant description of the
quantum computation.
By using the deﬁnition in Eq. (6) we can prepare the required
superposition of modes



1

in = √

ϕl − ϕ−l



0

2

(B.1)

,

where the ﬁrst row represents the horizontal component of the
ﬁeld and the second row the vertical component.
The ﬁrst Hadamard transform can be achieved by passing the
superposition through a half-wave plate. The matrix representation
of the half-wave plate with its fast axis orientated at 22.5 degrees
is

1
MHWP = √
2



1 1
1 −1



(B.2)

,

so





1
1
1 1
ϕl − ϕ−l
,
2 = √
√
0
2 1 −1
2


1 ϕl − ϕ−l
2 =
.
2 ϕl − ϕ−l

(B.3)

The transformation U f is now applied to the superposition 2
and yields

3 =

1



2

(−1) f (0) (ϕl − ϕ−l )
(−1) f (1) (ϕl − ϕ−l )



(B.4)

.

After the U f transformation the light passes through another halfwave plate

out =

1



2

((−1) f (0) + (−1) f (1) )(ϕl − ϕ−l )
((−1) f (0) − (−1) f (1) )(ϕl − ϕ−l )



,

(B.5)

which is the equivalent classical form of Eq. (A.4).
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